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Yang-Baxter (YB) deformations of string sigma model provide deformed target spaces. We pro-
pose that homogeneous YB deformations always lead to a certain class of β-twisted backgrounds
and represent the bosonic part of the supergravity fields in terms of the classical r-matrix associated
with the YB deformation. We then show that various β-twisted backgrounds can be realized by
considering generalized diffeomorphisms in the undeformed background. Our result extends the
notable relation between the YB deformations and (non-commuting) TsT transformations. We also
discuss more general deformations beyond the YB deformations.
Introduction.—A fascinating topic in string theory is
the AdS/CFT correspondence [1]. The integrable struc-
ture plays an important role behind this gauge/gravity
duality, and in order to find the extension away from
the well-studied AdS5× S
5 case, integrable deformations
of the AdS5× S
5 superstring have been eagerly studied.
In particular, by employing the techniques of the Yang-
Baxter (YB) deformations [2–5], a framework to study a
class of integrable deformations of AdS5× S
5 superstring
has been developed in [6–8]. In this letter, we will con-
centrate on the homogeneous YB deformations, which are
based on classical r-matrices satisfying the homogeneous
classical YB equation (CYBE) [9–25].
Another intriguing topic in string theory is the T -
duality. Especially, the familiar Abelian T -duality [26–
28], which is based on an Abelian isometry of a tar-
get space, has uncovered the hidden connection between
string theories. On the other hand, its extension, so-
called the non-Abelian T -duality [29–38], is still myste-
rious and needs further investigations. Recently, it was
conjectured in [21] and proven in [22] (see also [23]) that a
certain class of non-Abelian T -dualities are equivalent to
the homogeneous YB deformations. It is then natural to
expect that a deeper understanding of the homogeneous
YB deformations will facilitate a further development of
the non-Abelian T -dualities.
When we focus on the deformation of supergravity
backgrounds, there are other useful techniques to obtain
the YB-deformed backgrounds. The famous one is the
TsT-transformation [39–41], which is a combination of
two (Abelian) T -dualities and a linear coordinate change
(referred to as “shift”). As it has been noticed in [10–
15] and clearly shown in [16], all of the homogeneous
YB deformations associated with Abelian r-matrices are
equivalent to the TsT-transformations. A certain class
of non-Abelian YB-deformed backgrounds can also be
realized by a generalization of the TsT-transformation
[18–20]. In this letter, we develop this type of technique
utilizing the framework of the double field theory (DFT)
[42–59], which provides a manifestly T -duality-covariant
description for the massless sector of string theory.
As it has been observed in [60], some of YB-deformed
backgrounds do not satisfy the usual supergravity equa-
tions but rather do the generalized supergravity equations
(GSE) [61, 62]. The DFT can reproduce both the usual
and generalized supergravity from a single action [63, 64],
and it provides a unified description of YB-deformed
backgrounds. The purpose of this letter is to elucidate
that various YB-deformed backgrounds can be realized
by performing a certain class of generalized diffeomor-
phisms in the undeformed background. The generalized
diffeomorphisms are the gauge symmetry of DFT, and
the resulting deformed backgrounds automatically solve
the equations of motion of DFT (as long as the consis-
tency condition, called the strong constraint, is satisfied).
This ensures that the deformed background remains to
be the string background.
In this letter, we consider YB-deformed backgrounds
specified by classical r-matrices, r = 12 r
ij Ti ∧ Tj ({Ti}:
bosonic isometry generators of the undeformed back-
ground), satisfying the (homogeneous) CYBE,
fl1l2
i rjl1 rkl2 + fl1l2
j rkl1 ril2 + fl1l2
k ril1 rjl2 = 0 , (1)
where rij = r[ij] is constant and specifies a deformation,
and fij
k is the structure constant [Ti, Tj ] = fij
k Tk . As
it has been noticed and proven in [20, 24, 25] for the
homogeneous YB deformations of AdS5, the classical r-
matrix has the interpretation as a non-commutative pa-
rameter in the dual open-string description. In terms of
the generalized geometry [65] or DFT, the correspondent
of the non-commutative parameter is the β-field [66, 67]
defined below. If we introduce the Killing vectors ei as-
sociated with the isometry Ti , the identification between
the r-matrix and the β-field reads βmn ≡ rij emi e
n
j . This
identification is true also for the homogeneous YB defor-
mation of Minkowski space (see section 4.3 of [68] for an
example that can be uplifted to ten dimensions), and we
suppose that the identification works for arbitrary unde-
formed backgrounds. Our task here is to find out gen-
eralized diffeomorphisms which produce various β-twists
specified by various r-matrices satisfying CYBE.
2A review of DFT.—In DFT, we consider a grav-
itational theory on a doubled space with coordinates
(xM ) = (xm, x˜m) (M = 1, . . . , 2D; m = 1, . . . , D), where
xm are the usual coordinates while x˜m are the dual coor-
dinates. The generalized diffeomorphism in the doubled
space is generated by the generalized Lie derivative,
£ˆVW
M ≡ V N ∂NW
M − (∂NV
M − ∂MVN )W
N , (2)
where the indices M,N are raised or lowered with the
O(D,D) metric (ηMN ) ≡
(
0 δn
m
δm
n
0
)
. The generalized
diffeomorphism is the gauge symmetry of DFT as long
as the diffeomorphism parameter VM satisfies the weak
constraint ∂N∂
NVM = 0 and the strong constraint
∂NV
M ∂NA = 0 where A represents the parameter VM
or the supergravity fields. The finite generalized dif-
feomorphism is realized by e£ˆV [69]. The gauge alge-
bra [£ˆV1 , £ˆV2 ] = £ˆ[V1, V2]C is governed by the C-bracket,
[V1, V2]C ≡
1
2
(
£ˆV1V2 − £ˆV2V1
)
. For the usual vectors
VMa = (v
m
a , 0) (a = 1, 2) satisfying
∂
∂x˜m
V Na = 0, the
C-bracket gives the Lie bracket; [V1, V2]C = [v1, v2] . In
DFT, the bosonic fields consist of the generalized metric,
(HMN ) =
(
Gmn −BmkG
kl Bln BmkG
kn
−GmkBkn G
mn
)
, (3)
which integrates the (closed-string) metric and the Kalb-
Ramond B-field, and the DFT dilaton d(x), which can be
parameterized as e−2d =
√
|G| e−2Φ (Φ: usual dilaton),
and an O(D,D) spinor of the Ramond-Ramond (R-R)
fields |A〉 (see [64] for our conventions).
The main result.—As discussed later, for a certain
class of parameter V(r) specified by an r-matrix satisfying
CYBE, the finitely transformed background is given by
H
(r)
MN ≡ e
£ˆV(r) HMN =
(
er
T
H er
)
MN
,
r ≡
(
0 rmn
0 0
)
, d(r) = d , Fˇ (r) = Fˇ , (4)
where rmn ≡ rij emi e
n
j . Suppose the absence of the B-
field in the original background, then the deformed back-
ground in terms of the usual supergravity fields becomes
(G(r) +B(r))mn =
[
(G−1 − r)−1
]
mn
,
e−2Φ
(r)
= e−2Φ
√
det[δnm − (GrGr)m
n] ,
Fˆ (r) = e−B
(r)
2 ∧ e−r∨ Fˆ ,
(5)
where r∨ acts as r ∨ Fˆ ≡ 12 r
mn ιmιnFˆ . As far as we
know, all homogeneous YB-deformed backgrounds take
the form (5) irrespective of the original undeformed back-
ground. The formula (5) suggests that the deformed
background can be conveniently described by the dual
fields, (g˜mn, β
mn, φ˜) [70], defined through
(g˜−1+ β)mn=
[
(G−B)−1
]mn
,
√
|g˜| e−2φ˜ = e−2d . (6)
In terms of the dual fields, the (open-string) metric g˜
(r)
mn
and the dual dilaton φ˜(r) are the same as the original
ones Gmn and Φ while the β-field becomes β
mn
(r) = r
mn.
In addition, a criterion whether the deformed background
satisfies the usual supergravity equations of motion [19],
called the unimodularity, is expressed as
Im ≡ Dnβ
mn
(r) = −
1
2
rij [ei, ej ]
m =
(unimodular)
0 . (7)
Here, the Killing property Dme
m
i = 0 is used and Dm
is the covariant derivative associated with the metric
Gmn = g˜
(r)
mn. As we will discuss later, the formula (5) is
applicable for both the unimodular and non-unimodular
cases, but in the latter case, the background follows the
GSE with the extra vector Im given by (7) as observed
in [24, 25]. It is also interesting to note that, in terms of
the dual fields, CYBE (1) can also be expressed as
R ≡ [β(r), β(r)]S = 0 , (8)
where [ , ]S denotes the Schouten bracket (see section
3 of [65]). Namely, for the homogeneous YB-deformed
backgrounds, the non-geometricR-flux [71] has to vanish.
Almost Abelian twists.—Now, it is useful to explain
the classification of the homogeneous YB deformations.
An r-matrix r = 12 r
ij Ti ∧ Tj is called Abelian if it con-
sists of a set of generators which commute with each other
[Ti, Tj] = 0, and otherwise called non-Abelian. Most of
homogeneous YB deformations studied in the literature
are based on the Abelian r-matrices. The classification
of non-Abelian r-matrix is very complicated in general,
and it is mainly classified by the unimodularity condition
(7) (Abelian r-matrices are obviously unimodular). If we
define the rank of an r-matrix as the number of genera-
tors contained in r, non-Abelian unimodular r-matrices
with lower rank are classified well. Obviously, the rank-2
unimodular r-matrix is Abelian and the rank-4 unimod-
ular r-matrix for the bosonic isometry of AdS5 has been
classified in [19]. We here consider a class of unimodu-
lar r-matrices, called the almost Abelian r-matrices [20],
which covers most of the rank-4 and rank-6 examples
studied in [19]. By using constant deformation parame-
ters ηi (i = 1, . . . , N), it takes the form, r = rN with
rk ≡
∑k
i=1ηi T2i−1 ∧ T2i , [T2i−1, T2i] = 0 , (9)
and obviously satisfies the unimodularity condition (7).
The almost Abelian condition can be expressed as
[e2k−1, β(rk−1)]S = 0 , [e2k, β(rk−1)]S = 0 , (10)
for 1 ≤ k ≤ N . This condition ensures CYBE. As argued
in [20], this class of YB deformations can be realized as
a sequence of non-commuting TsT-transformations (see
[19] for the explicit form in the rank-4 examples), which
consists of the usual TsT-transformations and diffeomor-
phisms that make the Killing vectors as coordinate ba-
sis. In principle, for a given almost Abelian r-matrix, it is
3possible to find non-commuting TsT-transformations and
determine the resulting deformed background. However,
it is a tough task in general, and in the following, by con-
sidering a specific type of generalized diffeomorphisms,
we find the simple formula (5) for β-twisted backgrounds
associated with the almost Abelian r-matrix.
Generalized diffeomorphism.—Let us introduce
the generalized Killing vectors Ei associated with Ti . For
the usual isometries, Ei take the form (E
M
i ) = (e
m
i , 0)
and satisfy ηMN E
M
i E
N
j = 0. In addition, they are in-
dependent of the dual coordinates x˜i . For an Abelian
r-matrix, r1 = η1 T1 ∧ T2, a coordinate system can al-
ways be found so that e2 = e
m
2 ∂m (e
m
2 : constant) is real-
ized. In such coordinates, we consider V1 = η1 e
m
2 x˜mE1 .
Thanks to [e1, e2] = 0 and the Killing property of e2, V1
satisfies the weak constraint ∂M∂
MV1 = 0 and the strong
constraint ∂MV N1 ∂MA = 0 where A denotes V1 or super-
gravity fields. Then, it is easy to show that
£ˆV1HMN = (r
T
1 H +H r1)MN , £ˆV1d = 0 , (11)
where rMN1 ≡ 2 η1E
[M
1 E
N ]
2 . The R-R potentials Cˇ and
the field strengths Fˇ are invariant. The finite transforma-
tion e£ˆV1 gives (4) with r replaced with r1. We then con-
sider a further twist, r2 = r1+η2 T3∧T4. From the almost
Abelian property, we can again find a coordinate system
where e4 = e
m
4 ∂m (e
m
4 : constant) is realized, and perform
a transformation e£ˆV2 with V2 = η2 e
m
4 x˜mE3 . Repeat-
ing this procedure, we obtain the β-twisted background
associated with the almost Abelian r-matrix, r = rN .
In order to demonstrate the relation to the usual
TsT-transformation, let us consider an Abelian r-matrix
and choose a coordinate system where ei = ∂i are re-
alized. Then, our diffeomorphism parameter becomes
V =
∑N
i=1 ηi x˜2i ∂2i−1 and it generates a generalized dif-
feomorphism, xM → x′M = eV xM , or more explicitly,
x′2i−1 = x2i−1 + ηi x˜2i. This is nothing but the TsT-
transformation in the DFT language.
As a non-trivial example, let us consider a deformation
of AdS5× S
5 background with the Poincare´ metric,
ds2 =
dz2 − 2 dx+dx− + (dx2)2 + (dx3)2
z2
+ ds2S5 . (12)
We denote the translation, Lorentz, and dilatation gener-
ators by Pµ, Mµν , and D (µ, ν = +,−, 2, 3), respectively,
and consider a rank-4 r-matrix, r = r2, with
T1 = M+2, T2 = P3, T3 = D −M+−, T4 = P+. (13)
These satisfy [T3, T1] = T1 and [T3, T2] = −T2, and con-
stitute an almost Abelian r-matrix. This case, we con-
sider a sequence of finite transformations e£ˆV2 e£ˆV1 with
V1 ≡ η1 x˜3 Mˆ+2 , V2 ≡ η2 x˜+ (Dˆ − Mˆ+−) , (14)
where hatted quantities like Mˆ+2 denote the generalized
Killing vectors associated with the unhatted generators.
These finite transformations produce the β-field,
β(r2) = η1
(
x2 ∂+ + x
− ∂2
)
∧ ∂3
+ η2
(
z ∂z + 2 x
− ∂− + x
2 ∂2 + x
3 ∂3
)
∧ ∂+ , (15)
and the deformed background (5) is indeed a solution
of type IIB supergravity. If one prefers to combine the
transformations as a single one, e£ˆV2 e£ˆV1 = e£ˆV12 , the
Baker-Campbell-Hausdorff formula [69] would be useful.
A more general class.—Let us consider a wider class
of unimodular r-matrices, r = rN with (9) satisfying
[e2k−1, β(rk−1)]S = 0 , e2k−1 ∧ [e2k, β(rk−1)]S = 0, (16)
for 1 ≤ k ≤ N , which covers all of the rank-4 uni-
modular r-matrices of AdS5 [19], including the example
where any TsT-like transformation has not been found.
We explain a subtle issue in this class by considering
the rank-4 example (N = 2) where [e3, β(r1)]S = 0 but
[e4, β(r1)]S 6= 0 . Similar to the almost Abelian case, in
coordinates where e2 = ∂2, we first consider a finite trans-
formationH
(1)
MN = e
£ˆV1 HMN with V1 = η1 x˜2 E1 . Then,
in coordinates where e4 = ∂4, we perform the second
transformation H
(2)
MN = e
£ˆV2 H
(1)
MN with V2 = η2 x˜4 E3 .
According to [e4, β(r1)]S 6= 0, H
(1)
MN depends on the x
4
coordinate and hence the second transformation breaks
the strong constraint; ∂KV2 ∂
KH
(1)
MN 6= 0 . In fact, the
formula (4) itself does not require the strong constraint,
and indeed e£ˆV2 e£ˆV1 provides the desired background.
The problem is that a generic strong-constraint-violating
generalized diffeomorphism is not a gauge symmetry of
DFT. Therefore, the deformed background may not be a
solution of DFT. Interestingly, for all examples in the list
presented in [19] (which cover all inequivalent rank-4 de-
formations of AdS5), one can check that the equations of
motion transform covariantly under the diffeomorphisms.
At the present stage, we are not aware of the clear reason
why such diffeomorphisms are allowed. A more general
formulation of DFT [72–74], where the strong constraint
is rather relaxed, may help us to answer the question.
Non-unimodular cases.—The last type of homoge-
neous YB deformations is the non-unimodular one. For
simplicity, we will here focus upon the rank-2 Jordanian
r-matrix, r = η T1 ∧ T2 with [T1, T2] = T1 . In this case,
the formula (7) indicates that the unimodularity is bro-
ken: Im = −η em1 6= 0 . For some non-unimodular cases,
TsT-like transformations have been employed in [18] to
reproduce the YB-deformed backgrounds on a case-by-
case basis. Instead, we will here stick to our general strat-
egy. In the present case, [e1, e2] 6= 0 introduces the x
2 de-
pendence into e1 and the parameter V = η x˜2E1 breaks
even the weak constraint; ∂N∂
NVM 6= 0. However, the
formula (4) still works due to the generalized Killing
property of E1 and the Jordanian property, [e1, e2] = e1 .
A subtle issue is again the covariance of the equations of
motion, and, as we show below, they are not transformed
covariantly in the non-unimodular case.
4In DFT, the generalized connection ΓMNK is supposed
to transform as δV ΓMNK = £ˆV ΓMNK − 2 ∂M∂[NVK] .
At the same time, it is defined to satisfy the condi-
tion ∇Md ≡ ∂Md +
1
2 ΓK
K
M = 0 . By the consistency,
δV∇Md = £ˆV∇Md+∂
KVM ∂Kd−
1
2 ∂N∂
NVM must van-
ish. It indeed vanishes if the strong constraint is satisfied.
In the present case, the first two terms on the right-hand
side vanish but the last term does not vanish because
VM breaks the weak constraint. A short calculation
shows δV∇
Md = η [E1, E2]
M
C ≡ −X
M . From the Jorda-
nian property, the finite transformation gives eδV ∇Md =
−XM . Namely, after performing the deformation, ∇Md
does not vanish but becomes (minus) the null generalized
Killing vector, XM = −η EM1 = (I
m, 0) . This is the
situation of the modified DFT (mDFT) [63], where the
generalized connection is deformed by a null generalized
Killing vector XM . In the R-R sector, we suppose that
the potential |A〉 and the field strength |F 〉 transform co-
variantly; |A(r)〉 = e£ˆV |A〉 and |F (r)〉 = e£ˆV |F 〉 (see [64]
for our conventions). However, the relation |F 〉 = /∂|A〉
is deformed under the weak-constraint-violating general-
ized diffeomorphism as |F (r)〉 = /∂|A(r)〉−XM γ
M |A(r)〉,
which is again the same relation as the one known in
mDFT [64]. The Bianchi identities (or the equations of
motion) for the R-R fields are also deformed in a similar
manner. It is tough to evaluate the deviation of the gen-
eralized Ricci tensors, (δV − £ˆV )SMN and (δV − £ˆV )S ,
under the weak-constraint-violating generalized diffeo-
morphisms. In fact, they do not vanish. For all of the
rank-2 examples listed in [18], we have checked that the
following relations are satisfied:(
er
T
S er
)
MN
= S˚
(r)
MN , S = S˚
(r) . (17)
Here, S˚
(r)
MN and S˚
(r) are modified generalized Ricci ten-
sors [63] in the deformed background. Then, since
the stress-energy tensor obviously transforms covariantly,(
er
T
E er
)
MN
= E
(r)
MN , the deformed background is a so-
lution of mDFT. In fact, all solutions of mDFT can be
mapped to solutions of DFT via a field redefinition [64],
and the deformed background is still a solution of DFT.
To clearly see that the deformed background is indeed
a solution of DFT, let us examine another route. For
the example of r = η P− ∧ D [18], instead of the weak-
constraint-violating generalized diffeomorphism, we can
find another generalized coordinate transformation which
does not break the weak/strong constraint,
z′ = (1 + η x˜−) z , x
′+ = (1 + η x˜−)x
+ ,
ρ′ = (1 + η x˜−) ρ , x˜
′
− = η
−1 log(1 + η x˜−) .
(18)
Then, by employing Hohm and Zwiebach’s finite trans-
formation law [69], this transformation generates the
same deformed background from the original AdS5× S
5.
In this route, instead of XM , a linear x˜− dependence is
introduced into the DFT-dilaton. This result is compat-
ible with the (m)DFT picture discussed in [64].
Twists by γ-fields.—So far, we have discussed only
the homogeneous YB deformations, which always provide
β-twists specified by the associated classical r-matrices.
In the U -duality-covariant extension of DFT, called the
exceptional field theory (EFT) [75–87], we can consider
a more general twisting via the γ-fields [88–95]. They
are p-vectors dual to the R-R p-form potentials, and in
particular, the bi-vector γmn in type IIB theory is the
S-dual of the βmn (see [95] for the duality rules for these
fields). In [15], a YB-deformed background associated
with r = P+∧(D−M+−) has been determined including
the R-R fields, and indeed it is a solution of GSE [18]. In-
terestingly, a solution of standard supergravity which has
the same NS-NS fields but different R-R fields has been
found in [9]. In fact, the former is twisted by a β-field
while the latter is twisted by a γ-field. At the supergrav-
ity level, the latter can be obtained by a combination of
the TsT-transformations and the S-duality [96] (where
the TsT-transformations generate a β-field and the last
step converts the β-field to the γ-field). This deforma-
tion can also be realized as a generalized diffeomorphism
in EFT. However, according to our current understand-
ing, the YB deformation can produce only the former
β-twisted background, and it is important to invent the
extension, for example, by revealing YB deformations of
the S-duality covariant (p, q)-string action [97].
Conclusion and Outlook.—In this letter, we have
argued that homogeneous YB deformations associated
with an r-matrix, r = 12 r
ij Ti ∧ Tj, can be regarded as a
technique to provide β-twists with βmn = rij emi e
n
j . In
this picture, the CYBE is equivalent to the absence of
the R-flux. For undeformed backgrounds without the B-
field, we have provided a simple formula (5) for a general
β-twisted background. Then, we have found the gener-
alized diffeomorphism parameters which produce various
β-twisted backgrounds, including all rank-4 deformations
classified in [19]. The advantage of our approach is that it
(i) includes all the non-commuting TsT-transformations
as special cases and (ii) can be applied to arbitrary unde-
formed backgrounds. In some examples, the associated
diffeomorphism parameters break the strong or weak con-
straint, but the resulting deformed backgrounds remain
to be solutions of DFT. Interestingly, for a general rank-2
Jordanian r-matrix, the generalized diffeomorphism has
produced a non-unimodular deformation, and the extra
vector Im appeared in the process of the diffeomorphism.
We have also shown the novel relation, Im = Dnβ
mn
(r) ,
which is consistent with the result in [24, 25]. To date,
finite diffeomorphisms in DFT/EFT have not understood
clearly [98–110]. Hence we need to do more detailed anal-
ysis and clarify why the strong/weak-constraint-breaking
diffeomorphism is allowed and how the global structure
is deformed. It is also desirable to extend YB deforma-
tions and non-Abelian T -dualities. The duality covariant
formulation, such as the double sigma model and its ex-
tensions [111–120], would be helpful along this direction.
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Supplemental Material
The Schouten bracket for a p-vector and a q-vector is
defined by
[a1 ∧ · · · ∧ ap, b1 ∧ · · · ∧ bq]S
≡
∑
i,j
(−1)i+j [ai, bj] ∧ a1 ∧ · · · aˇi · · · ∧ ap
∧ b1 ∧ · · · bˇj · · · ∧ bq , (19)
where the check aˇi denotes the omission of ai . In partic-
ular, for p = 1, this coincides with the Lie derivative,
[a, b1 ∧ · · · ∧ bq]S = £a(b1 ∧ · · · ∧ bq) . (20)
